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Abstract
The notion of extension of a given C*-category C by a C*-algebra A is
introduced. In the commutative case A = C(Ω), the objects of the exten-
sion category are interpreted as fiber bundles over Ω of objects belonging
to the initial category. It is shown that the Doplicher-Roberts algebra
(DR-algebra in the following) associated to an object in the extension of
a strict tensor C*-category is a continuous field of DR-algebras coming
from the initial one. In the case of the category of the hermitian vector
bundles over Ω the general result implies that the DR-algebra of a vec-
tor bundle is a continuous field of Cuntz algebras. Some applications to
Pimsner C*-algebras are given.
1 Introduction.
It is well known that tensor categories play an important role in the theory
of duality. In particular in the basic paper [14] suitable abstract strict ten-
sor C*-categories are characterized as duals of compact groups. One of the
steps of the proof of that result is the association of a C*-algebra, called
the DR-algebra, to each object of the given strict tensor C*-category.
Some of these C*-algebras have been studied ([12, 5, 30, 11, 18]) and oth-
ers are well known ([7]); the aim of this work is to start the study of DR-
algebras arising from a certain class of strict tensor C*-categories, having
not trivial space of intertwiners of the identity object. Such categories
have already been studied in the context of superselection structures, in
the case where the fixed point algebra of a crossed product has a non triv-
ial center (see [3] and related references). The present paper is organized
as follows:
In section 2 some basics are given about strict tensor C*-categories,
DR-algebras and continuous fields of C*-algebras with a circle action.
Furthermore some preliminary results are illustrated.
In section 3 we introduce a simple procedure for extending a given
C*-category C by a unital C*-algebra A. The objects of the extended
category CA are projections in the spatial tensor product A ⊗ (ρ, ρ) for
some object ρ in C. We give in the commutative case A = C(Ω) a picture
of the extension as the categorical analogue of a fiber bundle over Ω, and
show that it inherits naturally the tensor structure by C. We also give a
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description of CC(Ω) in terms of principal bundles, associating to objects of
the extension category elements of suitable cohomology sets (Prop. 3.11).
In section 4 we study DR-algebras associated to objects of CA. Our
main result is that in the commutative case they have the structure of
continuous fields of C*-algebras, whose fiber is given by DR-algebras as-
sociated to objects of C (Thm. 4.6). Particular care is given at the case of
Hermitian vector bundles, whose associated DR-algebra is a continuous
field of Cuntz algebras. We prove that the isomorphism between the as-
sociated DR-algebras does not imply the isomorphism between the vector
bundles (Prop. 4.10), so that classification questions arise.
In section 5 we return to the case in which A is non commutative and
investigate the existence of tensor products on our extension categories.
Further structure has to be added to obtain a tensor product: we need
an abstract analogue of the left action on a Hilbert C*-bimodule, so we
consider endomorphisms of the form A→ A⊗ (ρ, ρ) (see [14], §1.7). With
a technical assumption (namely the existence of a unique C*-norm over
(ρ, ρ)⊗algA extending the C*-norms of the factors for each object ρ in C)
we construct a tensor product on the extension category (Prop.5.3). As an
application of the abstract results we characterize Hilbert C*-bimodules
of the form X = E ⊗Z A, where Z denotes the center of A and E is the
module of sections of a vector bundle over spect(Z), in terms of properties
of the Pimsner C*-algebra associated to X (Prop. 5.7).
Some of the results in section 4 have been proved independently (and
previously) by J.E. Roberts [34].
2 Preliminaries.
2.1 DR-Algebras.
A detailed exposition of tensor categories can be found in [24]; in [14] strict
tensor C*-categories with conjugates are considered and illustrated by
examples, and the notion of DR-algebra is introduced (in both references
the term monoidal is used instead of tensor). More recent developements
on strict tensor C*-categories can be found in [23]; we refer to this paper
for the definition of conjugates.
To each object ρ of a strict tensor C*-category C is canonically associ-
ated a C*-algebra Oρ, whose construction we briefly recall. We consider
for each k in Z the Banach space Okρ defined by the inductive limit
...
×1ρ
−→ (ρr, ρr+k)
×1ρ
−→ (ρr+1, ρr+k+1)
×1ρ
−→ ...
having assumed that tensoring on the right with the identity arrow 1ρ
is an isometric map. Note that O0ρ is a C*-algebra. The direct sum
0Oρ := ⊕kO
k
ρ , with product given by composition of arrows and involution
induced by the analogue categorical structure, is a *-algebra. On 0Oρ is
naturally defined a circle action, assigning to each z in T the map
ϕz(tk) := z
ktk (2.1)
where tk ∈ O
k
ρ . Such a structure is called a Z-graded C*-algebra. It can be
shown that there exists a unique C*-norm on 0Oρ extending the C*-norm
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on O0ρ such that (2.1) extends to an automorphic action; the completition
Oρ is called the DR-algebra associated to ρ. The isomorphism class of
Oρ does not change as ρ varies in its unitary equivalence class (we say
that ρ is unitarily equivalent to σ if there exists u ∈ (ρ, σ) such that
u∗ ◦ u = 1ρ, u ◦ u
∗ = 1σ): in fact, for each suitable r, k ∈ Z we have the
Banach space isomorphisms
ϕr,ku : (ρ
r, ρr+k) → (σr, σr+k)
t 7→ u⊗
r+k
tu∗⊗
r (2.2)
(in the following we will adopt this notation also when, more generally,
u◦u∗ 6= 1σ) realizing an isomorphism of Z-graded C*-algebras and hence a
grading preserving isomorphism at the level of the associated C*-algebras.
In particular for ρ = σ the algebra Oρ is acted upon by the group Uρ of
unitary arrows in (ρ, ρ). Oρ is also naturally equipped with a canonical
endomorphism ρ̂ obtained by tensoring on the left with the identity arrow
1ρ. Note that ρ̂ commutes with the action of Uρ.
A similar construction can be done in the more general setting of
strict semitensor C*-categories (see [11]: roughly speaking, at the level
of arrows, only the operation of tensoring on the right with an identity
arrow is allowed), for example the category of finitely generated Hilbert
bimodules.
Examples of DR-algebras are the Cuntz algebras On, associated to n-
dimensional Hilbert spaces with n < ∞ (at infinite dimension the Cuntz
algebra O∞ is strictly contained in the DR-algebra associated to the
Hilbert space, see [6]), the Pimsner C*-algebras [29, 11] associated to
Hilbert bimodules and the algebras OG associated to representations of a
compact Lie group G [12].
2.2 Continuous Fields of C*-algebras with a circle
action.
The following definition for continuous fields of Banach spaces and C*-
algebras appears in [20]. Although less general, it has the advantage of
being less technical in comparison with the original one [9, 10]. The two
definitions coincide for a compact base space, that is the case in which we
are interested.
Definition 2.1. A continuous field of Banach spaces over a locally com-
pact Haussdorff space Ω is a pair (X,πω : X → Xω), where X is a Banach
space and (πω)ω is a family of surjective Banach space maps indexed by
the points of Ω. The Banach spaces Xω are called the fibers of X in ω. For
each x in X the family (xω := πω(x))ω is called the vector field associated
to x. We require the following properties:
(1) the norm function ω 7→ ‖xω‖ belongs to C0(Ω) for each x ∈ X
(2) for each x in X, ‖x‖ = sup
ω
‖xω‖
(3) X is a C0(Ω)-module w.r.t. pointwise multiplication by continuous,
vanishing at infinity maps over Ω.
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The corresponding definition for continuous fields of C*-algebras is
analogous. If (A,A → Aω) is a continuous field of C*-algebras then
A is called the C*-algebra of the field. For further basic notions and
terminology (morphisms, local triviality) see the references above.
We now give a characterization of locally trivial continuous fields of
C*-algebras with constant fiber Aω ≡ A in terms of the cohomology set
H1(Ω, autA) (see [17] for the definition), where the group of automor-
phisms autA is endowed with the pointwise convergence topology. These
classical ideas were first stated in [10], §26 for continuous fields having as
fiber the compact operators, but the same argument works in the general
case. The proof of the next theorem, that we omit, is based on usual
arguments of transition functions for fiber bundles and makes use of a
clutching lemma ([9] 10.1.13). The hypothesis of connectedness is nec-
essary to fix the fiber, and the compactness of Ω can be replaced with
paracompatness using the definition by Dixmier and Douady.
Theorem 2.2. Let Ω be a compact connected Haussdorff space and A a
C*-algebra. Then there is a bijective correspondence between the set of
isomorphism classes of locally trivial continuous fields of C*-algebras with
fiber A over Ω and the cohomology set H1(Ω, autA).
By a general result ([32]) we have H1(Sn, G) = πn−1(G)/π0(G) for
each topological group G, where Sn denotes the n-sphere and π0(G) is
the set of connected components of G. Thus the classification of locally
trivial continuous fields of C*-algebras over the n-spheres is equivalent to
the homotopy theory of the group of automorphisms of the fiber. There
are several results in this direction in the case of AF-algebras [27, 36, 28]1.
The next corollaries will be used and illustrated by explicit examples in
the sequel.
Corollary 2.3. With the notation of the previous theorem, let (A,α) be
a C*-dynamical system over a topological group G. Then α induces a
map from H1(Ω, G) into the set of isomorphism classes of locally trivial
continuous fields of C*-algebras with fiber A.
By the previous corollary, the existence of the automorphic action (2.1)
and the well known isomorphism H1(Ω,T) ≃ H2(Ω,Z) we deduce the
following result:
Corollary 2.4. Let A be a C*-algebra carrying a strongly continuous T-
action by automorphisms (as in particular a DR-algebra). Then each el-
ement of the Cech cohomology group H2(Ω,Z) defines a locally trivial
continuous field over Ω with fiber A.
3 Extensions of C*-Categories.
Let C be a C*-category and A a C*-algebra with identity 1. Given a
pair ρ, σ of objects in C we consider the space of arrows (ρ, σ); it has the
following structure of a Hilbert (σ, σ)–(ρ, ρ)–bimodule:
1The author thanks P. Goldstein for drawing his attention to these references.
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
l, s 7→ l ◦ s
s,m 7→ s ◦m
〈s, t〉R := s
∗ ◦ t ∈ (ρ, ρ)
〈s, t〉L := s ◦ t
∗ ∈ (σ, σ)
(3.1)
where s, t ∈ (ρ, σ), m ∈ (ρ, ρ), l ∈ (σ, σ). As for example in [21] we
construct the exterior tensor product A ⊗ (ρ, σ), that is a right Hilbert
C*-module over the spatial tensor product A ⊗ (ρ, ρ). In order for more
concise notation we write (ρ, σ)A := A⊗ (ρ, σ), while the symbol (ρ, σ)Aa
will indicate the algebraic tensor product. We also adopt the Sweedler
notation x := x1⊗x2, x1 ∈ A, x2 ∈ (ρ, σ) for elements of (ρ, σ)
A. We now
define a composition law
(σ, τ )Aa × (ρ, σ)
A
a → (ρ, τ )
A
a
extending naturally the one defined on C:
yx := y1x1 ⊗ (y2 ◦ x2) ∈ (ρ, τ )
A
a (3.2)
where y ∈ (σ, τ )Aa , x ∈ (ρ, σ)
A
a . With an abuse of notation we also define
an involution
∗ : (ρ, σ)Aa → (σ, ρ)
A
a
by setting
(x1 ⊗ x2)
∗ := x∗1 ⊗ x
∗
2.
The following lemma shows that the extended composition and involu-
tion are bounded, hence defined on the closures of the algebraic tensor
products.
Lemma 3.1. Let x ∈ (ρ, σ)Aa , y ∈ (σ, τ )
A
a . Then
(1) ‖x‖2 = ‖x∗x‖ = ‖xx∗‖
(2) ‖yx‖ ≤ ‖y‖ ‖x‖
(3) ‖x‖ = ‖x∗‖
Proof.
(1) It is simply the definition of the 2-norm in (ρ, σ)A as a Hilbert
C*-bimodule.
(2) It suffices to observe that x∗(‖y∗y‖ − y∗y)x is positive as an
element of (ρ, ρ)A.
(3) The isometry of the involution is obtained by embedding
(ρ, σ)A via the composition law into the space of the bounded (ρ, ρ)A-linear
maps of right Hilbert C*-modules from (ρ, ρ)A into (ρ, σ)A: if x ∈ (ρ, σ)A
then x∗ is the adjoint of x as Hilbert C*-module map.
In order to define the extension category we consider the category
C˜A having the same objects of C and arrows (ρ, σ)A. The previous lemma
implies that C˜A is a C*-category; we close for subobjects and obtain in this
way a C*-category CA whose objects are the projections e ∈ (ρ, ρ)A. We
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call CA the extension of C by A. By definition, the spaces of intertwiners
in CA are given by
(e, f) :=
{
x ∈ (ρ, σ)A : xe = fx = x
}
where e ∈ (ρ, ρ)A, f ∈ (σ, σ)A. Also by definition (e, f) is a Hilbert (e, e)-
(f, f)-bimodule. In particular the following bimodule action of the center
Z of A is defined:
ζx := (ζ ⊗ 1σ)x = xζ := x(ζ ⊗ 1ρ),
where ζ ∈ Z, x ∈ (e, f).
In the case in which A is non unital we define CA := CA
+
, where
A+ := A ⊕ C. This definition is motivated by the fact that spaces of
intertwiners of an object of a C*-category have to be unital C*-algebras.
Proposition 3.2. Let C be a C*-category, A a unital C*-algebra. Then
(1) CA has subobjects;
(2) If C have direct sums, then so does CA.
Proof. The first assertion is obvious. For the second one, let e ∈ (ρ, ρ)A, f ∈
(σ, σ)A; then 1τ = v ◦v
∗+w ◦w∗, 1ρ = v
∗ ◦v, 1σ = w
∗ ◦w for some object
τ in C and we can define the isometries ve := 1 ⊗ v · e, wf := 1 ⊗ w · f .
Thus the projection g := vev
∗
e + wfw
∗
f ∈ (τ, τ )
A is a direct sum of e and
f .
Before we state some simple functorial properties of the above con-
struction let us introduce the following terminology: a functor between
two C*-categories is said to be a C*-functor if commutes with the invo-
lutions and the maps induced on the spaces of arrows are bounded and
linear.
Proposition 3.3. The operation C, A→ CA of assigning an extension to
a C*-category depends covariantly on the C*-algebra and covariantly (con-
travariantly) on the category, corresponding to covariant or contravariant
C*-functors on C.
Proof. Let C be a C*-category, φ : A → B a C*-algebra morphism. We
construct a pullback C*-functor φ∗ : C
A → CB. Now there exists, for each
object ρ in C, the C*-algebra morphism
φ⊗ id(ρ,ρ) : (ρ, ρ)
A → (ρ, ρ)B;
we define φ∗(e) := φ⊗ id(ρ,ρ)(e). Now, as
∥∥φ⊗ id(ρ,ρ)(x)∥∥ ≤ ‖x‖ for each
x in (ρ, ρ)A, we define the bounded linear maps
φ∗ : (ρ, σ)
A → (ρ, σ)B
by setting
φ∗(a⊗ s) := φ(a)⊗ s,
By definition φ∗(yx) = φ∗(y)φ∗(x), so that φ∗(e, f) ⊂ (φ∗(e), φ∗(f)).
Let now F : C1 → C2 be a C*-functor; we want to define a C*-functor
F : CA1 → C
A
2 . We observe first that for each object ρ in C1 the C*-algebra
morphism
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idA ⊗ F : (ρ, ρ)
A → (Fρ,Fρ)B
is induced, so we define
FAe := (idA ⊗ F )(e).
Again, as idA ⊗ F is bounded, we find that the maps
FA(x1 ⊗ x2) := x1 ⊗ F (x2),
where x := x1 ⊗ x2 ∈ (ρ, σ)
A
a , can be extended to (ρ, σ)
A. It is triv-
ial to check that composition and involution are preserved. The proof
for contravariant C*-functors follows the same lines by using C*-algebra
antihomomorphisms.
Corollary 3.4. If C has direct sums, every pullback C*-functor φ∗ : C
A →
CA preserves direct sums in CA.
Proof. Let e, f be objects in CA. With the notation used in the proof of
Prop. 3.2, it suffices to verify that φ∗(vev
∗
e + wew
∗
e) is a direct sum of
φ∗(e), φ∗(f).
In order to emphasize a topological point of view we will adopt in the
following the notation CΩ to indicate the extension of C by a commutative
C*-algebra A = C(Ω); in the same spirit we write (ρ, σ)Ω := (ρ, σ)C(Ω) ≃
C(Ω, (ρ, σ)) for each pair of objects ρ, σ in C. Let ϕ : Ω′ → Ω be a
continuous map of compact Haussdorff spaces. Applying the previous
proposition we get a pullback functor ϕ∗ : C
Ω → CΩ
′
. If ϕ is the inclusion
{ω} →֒ Ω we call the associated functor the fiber functor of CΩ over ω
and use the notation ω∗ : C
Ω → Cω. ω∗ associates to objects and arrows
of CΩ, regarded as continuous maps, their evaluation in ω. Note that by
definition Cω is isomorphic to the closure for subobjects of C.
Proposition 3.3 fails for multifunctors. Let in fact F : C1×C1 → C2 be
a C*-functor; proceeding with the same argument we could try to define
a map
FA : (ρ, σ)Aa × (ρ
′, σ′)Aa → (F (ρ, ρ
′), F (σ, σ′))Aa
by the expression
FA(x1 ⊗ x2, x
′
1 ⊗ x
′
2) := x1x
′
1 ⊗ F (x2, x
′
2). (3.3)
In order to verify that this map preserves the composition, let x ∈ (ρ, σ)Aa ,
x′ ∈ (ρ′, σ′)Aa , y ∈ (σ, τ )
A
a , y
′ ∈ (σ′, τ ′)Aa . Then we have
FA(yx, y′x′) = y1x1y
′
1x
′
1 ⊗ F (y2, y
′
2) ◦ F (x2, x
′
2);
however
FA(y, y′)FA(x, x′) = y1y
′
1x1x
′
1 ⊗ F (y2, y
′
2) ◦ F (x2, x
′
2)
so that unless A is commutative there is no natural way to define FA. We
specialize for the moment our discussion to the commutative case, but
will return to the general case in the subsequent sections.
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Proposition 3.5. Let C be a C*-category, Ω a compact Haussdorff space.
Then
(1) Each C*-functor F : C1 × C1 → C2 induces a C*-functor F
Ω : CΩ1 ×
CΩ1 → C
Ω
2 .
(2) CΩ is a strict tensor C*-category if C itself is so; the space of in-
tertwiners of the identity object ιΩ := 1 ⊗ 1ι in C
Ω is (ιΩ, ιΩ) ≃
C(Ω)⊗ (ι, ι), where ι is the identity object in C.
(3) CΩ is symmetric if C is symmetric.
(4) If C has conjugates, then so does CΩ.
Proof. The computation above shows that the map (3.3) preserves the
composition of arrows in CΩ. Using commutativity of C(Ω) it is also
verified that FΩ preserves the involution. Now, thanks to the C*-identity,
in order to verify that FΩ is bounded, it suffices to show this just in the
case where the domain object coincides with the codomain. We note that
the map s 7→ F (s, 1σ) defines a morphism (ρ, ρ)→ (F (ρ, σ), F (ρ, σ)), that
we extend to a morphism FΩρ : (ρ, ρ)
Ω → (F (ρ, σ), F (ρ, σ))Ω tensoring by
the identity on C(Ω). Thus, for x ∈ (ρ, ρ)Ω, the inequality
∥∥FΩρ (x)∥∥ ≤ ‖x‖
holds. Now for x ∈ (ρ, ρ)Ωa , y ∈ (σ, σ)
Ω
a we have
FΩ(x, y) = FΩ(x, 1σ)F
Ω(1ρ, y) = F
Ω
ρ (x)F
Ω
σ (y)
so that ∥∥∥FΩ(x, y)∥∥∥ ≤ ‖x‖ ‖y‖ .
Thus we can extend FΩ to (ρ, σ)Ω and define, for each pair e, f in CΩ, the
object FΩ(e, f) in CΩ2 that can be expressed conveniently by the following
formal expression
FΩ(e, f) := e1f1 ⊗ F (e2, f2).
We pass now to prove the second point. We define the tensor product on
CΩ as the C*-functor
ef := e1f1 ⊗ e2 × f2
induced by the tensor product on C; with an abuse of notation, we write
x× y := x1y1 ⊗ x2 × y2
to indicate the tensor product of arrows in CΩ. By (1), the only properties
we have to prove are strict associativity and the existence of an identity
object. Strict associativity follows by using the strict associativity of the
tensor product of arrows in C. For the symmetry, we define
θΩ(e, f) := 1⊗ θ(ρ, σ) · e× f
(in the previous expression we regarded e, f as the identity arrows of
(e, e), (f, f)); the properties of symmetry are verified with direct compu-
tations. For the existence of conjugates, we observe that C˜Ω as defined
at the beginning of this section obviously has conjugates. Then we apply
[23], Th. 2.4, where it is shown that each subobject of an object having
conjugates itself has conjugates.
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The following result emphasizes a geometrical interpretation of CΩ.
Roughly speaking we can say that while a C*-category is the categorical
analogue of a C*-algebra, CΩ is an example of the categorical analogue of
a continuous field of C*-algebras.
Proposition 3.6. Let C be a C*-category closed for subobjects, Ω a com-
pact Haussdorff space. Then
(1) Each object e in CΩ defines, via the fiber functors ω∗ : C
Ω → C, a
family {eω}ω∈Ω of objects in C, called the fibers of e;
(2) The involution on CΩ is defined fiberwise, i.e. ∗ ◦ ω∗ = ω∗ ◦ ∗ for
each ω ∈ Ω;
(3) For each e, f objects in CΩ, the space of arrows (e, f) defines a locally
trivial continuous field of Banach spaces
{(e, f), ω∗ : (e, f)→ (eω, fω)} , (3.4)
over Ω, with fibers the spaces of intertwiners (eω, fω) of the fibers of
e, f in C.
(4) If C is strict tensor the tensor product defined on CΩ induces on the
spaces of arrows morphisms of continuous fields of Banach spaces.
Proof. The first and second points are obvious. For the third point, note
that e ∈ (ρ, ρ)Ω, f ∈ (σ, σ)Ω can be regarded as continuous functions ω 7→
e(ω), f(ω). Then we consider in C the subobjects eω := ω∗(e), fω := ω∗(f)
defined by e(ω), f(ω), and prove that (3.4) is a continuous field of Banach
spaces. If x ∈ (e, f) ⊂ (ρ, σ)Ω then the continuous function ω 7→ x(ω)
is defined; we put xω := ω∗(x) ∈ (eω, fω) and observe that (eω, fω) is
isometrically isomorphic as a Banach space to (e(ω), f(ω)) ⊂ (ρ, σ) via
the map s 7→ wωsv
∗
ω, where s ∈ (eω, fω), v
∗
ωvω = 1eω , vωv
∗
ω = eω, w
∗
ωwω =
1fω , wωw
∗
ω = fω. Thus
‖xω‖ = ‖x(ω)‖ (3.5)
and the function ω 7→ ‖xω‖ is continuous. The equality (3.5) implies also
that ‖x‖ = sup
ω
‖xω‖. We already know that (e, f) is a Banach C(Ω)-
module, so have proved that (3.4) is a continuous field of Banach spaces.
We postpone the proof of local triviality until the next lemma. Finally, we
have to prove that the map x, y 7→ x× y, x ∈ (e, e′), y ∈ (f, f ′) preserves
the fibers, i.e. ω∗(x×y) = ω∗(x)×ω∗(y), but this is obvious regarding x, y
as continuous map and recalling the definition of the fiber functor.
Lemma 3.7 (Local Triviality). Let e, f be objects in CΩ. Then
(1) If the maps ω 7→ e(ω), f(ω) are constant there exist objects ρ0, σ0 in
C such that there is an isomorphism of continuous fields of Banach
spaces (e, f) ≃ (ρ0, σ0)
Ω;
(2) Each point ω in Ω admits a neighborhood U such that there is an iso-
morphism of continuous fields of Banach spaces (e, f)|U ≃ (eω, fω)
U .
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Proof. We define ρ0 := eω, σ0 := fω . By hypothesis there exist isometries
v ∈ (ρ, ρ0), w ∈ (σ, σ0) intertwining e, f with the units arrows 1ρ0 , 1σ0 .
Thus the map x 7→ wxv∗, x ∈ (e, f), defines the isomorphism between
(e, f) and (ρ0, σ0)
Ω. For the second point, since e ∈ (ρ, ρ)Ω, f ∈ (σ, σ)Ω,
for each ω there exists a closed neighborhood U such that ‖e(ω)− e(ω′)‖,
‖f(ω)− f(ω′)‖ ≤ δ < 1, ω′ ∈ U . This implies that e|U , f |U and the
constant maps eU := e(ω), fU := f(ω) are Murray-Von Neumann equiv-
alent as elements of the C*-algebras (ρ, ρ)U , (σ, σ)U . Applying (1), since
eU , fU are constant maps, there must be an isomorphism (e, f)|U ≃
(eω, fω)
U .
Some examples of extension categories follow.
Example 3.1. The category of finite dimensional Hilbert spaces is a ten-
sor C*-category if endowed with the usual tensor product. To get an
equivalent strict tensor C*-category we proceed as in [14] and consider
the category Hilb with objects the positive integers n ∈ N and arrows the
spaces of n×m matrices (n,m) := Mn,m. The tensor product on objects
is the multiplication, while on arrows it is defined by the ”lexicographical”
product for matrices (see for example [14] §1.4). The extension HilbΩ is
the category of projective, finitely generated C(Ω)-modules hence, by the
Swan-Serre theorem [33], equivalent to the category of Hermitian vector
bundles over Ω. In the non commutative case we get the finitely generated
projective (right) Hilbert A-modules.
Example 3.2. Let Ĝ be the category of unitary, finite dimensional, con-
tinuous representations of a compact group G. Each object (n, u) in Ĝ
is a topological group map G → Un into the unitary group of the n-
dimensional matrices. An object in ĜΩ is a projection eu in Mn ⊗ C(Ω)
that commutes with the action of G induced by u and, given (n, u),
(m, v) objects in Ĝ, the intertwiners t ∈ (eu, fv) are continuous func-
tions from Ω into the space of n × m matrices and satisfy the relations
t = teu = fvt, vgt = tug for each g ∈ G. Hence we get the category of
G-Hermitian vector bundles with trivial action of G over the base space Ω
([2] §1.6, [14] §1.6). The non commutative analogue is given by the finitely
generated projective Hilbert A-modules carrying a unitary representation
of G.
Example 3.3. We can generalize the previous example by considering
the category of finite dimensional (co)representations of a unital Hopf C*-
algebra (A,∆), i.e. a compact quantum group in the sense of Woronowicz
(see for example the introductory paper [25] and related references). This
is a strict tensor C*-category having direct sums, subobjects and conju-
gates. The objects are given by pairs (n, u), where u ∈Mn ⊗A satisfies
∆(ulm) =
∑
k
ulk ⊗ ukm,
while an arrow x from (n, u) to (m, v) is an n × m matrix such that
v(1⊗ x) = (1⊗ x)u. An object in the extension category over Ω is then a
Hermitian vector bundle E carrying an injective comodule action by A, in
the sense explained below: the tensor product E ⊗A is naturally endowed
with the structure of a vector A-bundle in the sense of [26]. Then a vector
bundle morphism ϕu : E → E ⊗A is induced, defined fiberwise by setting
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ϕu(ξω) := u(ξω ⊗ 1), (3.6)
where ω ∈ Ω, ξω ∈ Eω ≃ C
n. Now tensoring again with A we obtain
a vector A ⊗ A-bundle and idE ⊗ ∆ induces a vector bundle morphism
E ⊗ A→ E ⊗ A⊗A. Then we have the identity
(idE ⊗∆)ϕu = (ϕu ⊗ idA)ϕu.
Note that similar comodule actions over vector bundles can be defined
more generally for continuous fields of Hopf C*-algebras.
Example 3.4. Let A be a unital C*-algebra with trivial center. Then
the category endA [14], having as objects the endomorphisms of A and
arrows
(ρ, σ) = {t ∈ A : tρ(a) = σ(a)t, a ∈ A} ,
is a strict tensor C*-category if endowed with the tensor structure given by
the composition of endomorphisms and tensor product on arrows defined
by r × s := rρ(s) = ρ′(s)r, r ∈ (ρ, ρ′), s ∈ (σ, σ′). We consider the
extension category endΩA having as objects the projections in (ρ, ρ)Ω.
Let ρ ∈ endA such that the space of intertwiners (ι, ρ) is a not null
Hilbert space in A (in the sense of [13]); given an object e in endΩA we
can regard it as a projection on (ι, ρ)Ω and get in this way the continuous
field of Hilbert spaces He := e(ι, ρ)
Ω, embedded as a C(Ω)-bimodule in
C(Ω)⊗A in the sense of [11]. Now if (ι, ρ) is finite dimensionalHe is finitely
generated as C(Ω)-bimodule; thus, given a set of generators {ψk} of He,
there exists an endomorphism ρe of C(Ω)⊗A defined (independently from
the choice of the ψk’s) by the map a 7→
∑
k
ψkaψ
∗
k, a ∈ C(Ω) ⊗ A. Note
that ρe is a C(Ω)-module map.
Our purpose is now to give a description of the objects of CΩ in terms of
principal bundles, giving a categorical version of well known facts about
vector bundles, such as the Swan-Serre Theorem. In the following, C
will denote a C*-category closed for subobjects. In order to simplify the
exposition we will assume that Ω is connected.
Lemma 3.8. Let e be an object in CΩ. Then for each ω, ω′ ∈ Ω the
associated fibers eω, eω′ are unitarily equivalent in C.
Proof. By compactness of Ω and continuity of e there exists, using the
argument of the local triviality lemma, a finite open cover {Ωi} such that
e(ω) and e(ω′) are Murray-Von Neumann equivalent as elements of (ρ, ρ) if
ω and ω′ belong to the same Ωi. Now there must exist some ω
′′ belonging
to Ωij , so that the Murray-Von Neumann equivalence class of e(ω) is
constant as ω varies in Ωi∪Ωj . Ω being connected, we obtain that e(ω) and
e(ω′) are equivalent for each ω,ω′, so there exists an isometry vω′,ω such
that vω′,ωv
∗
ω′,ω = e(ω
′), v∗ω′,ωvω′,ω = e(ω). The claim of the lemma now
follows observing that, by definition of eω , e(ω) = w
∗
ωwω, 1eω = wωw
∗
ω,
so that uω′,ω := wω′vω′,ωw
∗
ω is a unitary arrow in (eω, eω′).
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Definition 3.9. Let e ∈ (ρ, ρ)Ω be an object in CΩ. A trivialization of e
is a family (ρ0, {Ωi, vi}i) where ρ0 is an object in C, {Ωi} is an open cover
of Ω and vi ∈ (ρ, ρ0)
Ωi satisfy the relations e|Ωi = v
∗
i vi, 1ρ0 = viv
∗
i .
Lemma 3.10. Let e be an object in CΩ.
(1) e admits a trivialization (ρ0, {Ωi, vi}i).
(2) There is a continuous map αij : Ωij := Ωi ∩Ωj → (ρ0, ρ0) such that
αijα
∗
ij = α
∗
ijαij = 1ρ0 in Ωij , αijαjk = αik in Ωijk.
(3) The equivalence class of ({Ωi} , {αij}) in H
1(Ω,Uρ0) does not de-
pend on the choice of the trivialization of e.
Proof. The existence of the trivialization follows from local triviality and
the previous lemma. Now given the trivialization (ρ0, {Ωi, vi}i), αij :=
viv
∗
j then satisfies the conditions required in the second point. Regard-
ing the last point, we fix a fiber ρ0 of e and consider two trivializations
(ρ0, {Ωi, vi}i), (ρ0, {Ω
′
l, v
′
l}l), defining αij := viv
∗
j , α
′
lm := v
′
lv
′∗
m. Then
αij = uilα
′
lmu
∗
jm, where uil = viv
′∗
l .
Proposition 3.11. Let C be a C*-category closed for subobjects and Ω a
connected, compact Haussdorff space. Then for each object e in CΩ there
exists an object ρ0 in C, defined up to unitary equivalence, and an element
δ(e) in the cohomology set H1(Ω,Uρ0). Two objects e and f in C
Ω are
unitarily equivalent if and only if δ(e) = δ(f).
Proof. Define δ(e) to be the class in H1(Ω,Uρ0) of the cocycles com-
ing from trivializations of e. If e = vv∗ and f = v∗v are unitarily
equivalent then we can choose the same fiber ρ0 for e and f , and if
({Ωi} ,
{
αij := viv
∗
j
}
) is a cocycle for e, then (ρ0, {Ωi, viv}i) is a trivi-
alization of f defining the cocycle vivv
∗v∗j = αij so that δ(e) = δ(f). Let
now e and f be such that δ(e) = δ(f). Then there are two equivalent cocy-
cles ({Ωi} ,
{
αij := viv
∗
j
}
), ({Ω′l} , {α
′
lm := v
′
lv
′∗
m}) associated respectively
to e and f , and there exist continuous maps uil from Ωi ∩ Ω
′
l into Uρ0
such that viv
∗
j = uilv
′
lv
′∗
mu
∗
jm. We define wil := v
′ ∗
l u
∗
ilvi ∈ (e, f)|Ωi∩Ω′l
;
then w∗ilwil = e|Ωi∩Ω′l
, wilw
∗
il = f |Ωi∩Ω′l
and wil|Ωij∩Ω′lm
= wjm|Ωij∩Ω′lm
so that we can clutch together the wil’s and obtain an isometry w inter-
twining e and f .
4 Continuous Fields of DR-Algebras.
In this section we prove the main result about the interpretation of DR-
algebras associated to objects in CΩ as continuous fields of C*-algebras.
We state the result for CΩ, but the argument works without substantial
changes for ’continuous fields of C*-categories’ satisfying the properties
stated in Proposition 3.6. We will assume in the rest of this section that
C has subobjects. The following lemma states a sufficient condition to
be the tensoring with the unit arrow an isometric map; recall that we
need this property to construct the inductive limits structures in the DR-
algebra.
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Lemma 4.1. Let e ∈ (ρ, ρ)Ω be an object in CΩ. If ‖s‖ = ‖s× 1eω‖ for
each fiber eω of e, s ∈ (σ, σ
′), then ‖x× e‖ = ‖x‖ for each x ∈ (f, f ′) ⊂
(σ, σ′)Ω.
Proof. By Proposition 3.6 follows that for each ω ∈ Ω there exist isome-
tries vω, wω providing an (isometric) C*-algebra isomorphism
((fe)(ω), (f ′e)(ω))→ (fωeω, f
′
ωeω)
y(ω) 7→ vω × wω · y(ω) · v
∗
ω ×w
∗
ω
so that
‖x(ω)× e(ω)‖2 = ‖x(ω)∗x(ω)× e(ω)‖
= ‖vω × wω · x(ω)
∗x(ω)× e(ω) · v∗ω × w
∗
ω‖
= ‖vωx(ω)
∗x(ω)v∗ω × 1ρω‖
= ‖vωx(ω)
∗x(ω)v∗ω‖ = ‖x(ω)‖
2 .
This proves the lemma.
In the case in which the isometry of tensoring on the right with a unit
arrow is not verified we can quotient as in [14], §4 for each fiber, so that
the hypothesis of the previous lemma is satisfied. In the following we
assume that e satisfies the hypothesis of the previous lemma. We start by
stating a triviality result.
Lemma 4.2. If e is a constant map then there is a C*-algebra isomor-
phism Oe ∼= C(Ω) ⊗Oρ0 .
Proof. By the first point of the local triviality lemma there exists an
isometry v ∈ (ρ, ρ0) and a family of Banach space isomorphisms ϕ
k
v :=
(ϕr,kv )r, defined by
ϕr,kv (x) := v
r+kxv∗r ∈ (ρr0, ρ
r+k
0 )
where x ∈ (er, er+k). Hence ϕkv defines an isomorphism of Z-graded C*-
algebras
0Oe ∼=
⊕
k
(C(Ω) ⊗Okρ0).
Lemma 4.3. For each k ∈ Z, Oke has the structure of a locally trivial
continuous field of Banach spaces (Oke , ω∗ : O
k
e → O
k
eω ).
Proof. Tensoring on the right with e gives the isometric embedding of
continuous fields of Banach spaces
(er, er+k) → (er+1, er+k+1)
x 7→ x× e
and we have the commutative diagram
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(er, er+k)
×e

ω∗ // (erω, e
r+k
ω )
×1ρ(ω)

(er+1, er+k+1)
ω∗ // (er+1ω , e
r+k+1
ω )
so that the evaluation over ω is well defined for Oke :
ω∗ : O
k
e → O
k
eω .
The properties of continuous fields of Banach spaces are naturally inher-
ited by the continuous fields (er, er+k). For local triviality, it suffices to
note the compatibility of the local charts defined above with the inductive
limit structure.
Let now Σ be a subset of Ω; we define 0Oe,Σ :=
{
Oke,Σ
}
k∈Z
, where
Oke,Σ :=
{
(xω)ω∈Σ ∈
∏
ω∈Σ
Okeω , x ∈ O
k
e
}
.
Since ‖xω‖ ≤ ‖x‖ on each O
k
e,Σ the norm ‖x‖Σ := supω∈Σ ‖xω‖ is defined,
so that Oke,Σ has the structure of a Z-graded C*-algebra. We indicate the
associated C*-algebra with the notation Oe,Σ; it is naturally equipped
with the evaluation morphisms πω(x) := xω ∈ Oeω , x ∈ Oe,Σ.
We now observe that the fiber functor ω∗ : C
Ω → C induces, by [14],
Th. 5.1, a C*-algebra morphism
Oe → Oeω
x 7→ xω
By abuse of notation we denote this morphism by ω∗. The following
lemma will imply the local triviality of the continuous field defined by Oe.
Lemma 4.4. For each ω0 in Ω there are a neighborhood U of ω0, an
isomorphism αU : Oe,U → C(U)⊗Oeω0 and a family (αω)ω∈U of isomor-
phisms αω : Oeω → Oeω0 such that, for each ω ∈ U , αω ◦ πω = ω∗ ◦ αU .
Proof. The existence of αU follows by the previous lemmas and the iso-
morphism is constructed with an isometry vU ∈ (ρ, ρ)
U such that v∗UvU =
e|U , vUv
∗
U = e(ω0). We have also, for each ω, isometries wω, w
′
ω imple-
menting the following Banach space isomorphisms
(erω, e
r+k
ω )
ϕ
r,k
w∗ω

// (erω0 , e
r+k
ω0 )
(er(ω), er+k(ω))
ϕ
r,k
vU (ω)// (er(ω0), er+k(ω0))
ϕ
r,k
w′ω
OO
the map defined by the upper horizontal arrow providing the isomorphism
αω that, by construction, satisfies the condition required.
Corollary 4.5. For each x in Oe, the norm function ω 7→ ‖xω‖ is con-
tinuous, and ‖x‖ = ‖x‖Ω := sup
ω
‖xω‖.
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Proof. Let ω0 ∈ Ω; then for ω in a suitable neighborhood of ω0
‖xω‖ = ‖αωxω‖ = ‖(αUx)(ω)‖
and the last term is a continuous function as ω varies in U . To prove
the result about the norm of x it suffices to check that ‖·‖Ω has the
required property w.r.t. the circle action. But it is obvious that ‖·‖Ω =
‖ϕz ◦ ·‖Ω , z ∈ T.
The previous results imply the following
Theorem 4.6. Let C be a strict tensor C*-category closed for subobjects,
Ω a compact Haussdorff space. If e is an object in CΩ, then Oe is the
C*-algebra of a locally trivial continuous field (Oe, ω∗ : Oe → Oeω ), where
each Oeω is the DR-algebra of an object eω ∈ C. If e,f are unitarily
equivalent objects in CΩ, then the associated C*-algebras are isomorphic
as continuous fields.
Recall that by Prop.3.11 every object e in CΩ is described up to unitary
equivalence by an element of a cohomology set H1(Ω,Uρ). Now (see
Sec.2), for each object ρ in C the canonical C*-dynamical system (ϕ,Oρ)
overUρ is defined. By Cor. 2.3 there is an application ϕ∗ from H
1(Ω,Uρ)
into H1(Ω, autOρ). We have the following:
Proposition 4.7. Let C be a strict tensor C*-category closed for subob-
jects, Ω a connected, compact Haussdorff space.
(1) The element of H1(Ω, autOρ) defined by Oe is ϕ∗(δ(e)).
(2) For each couple of objects e, f in CΩ, Oe ∼= Of iff ϕ∗(δ(e)) =
ϕ∗(δ(f)).
Proof. Let (ρ, {Ωi, vi}i) be a trivialization of e defining the cocycle αij :=
viv
∗
j ; then the trivialization ϕi : Oe|Ωi → C(Ωi) ⊗ Oρ, with ϕi(x) :=
ϕr,kvi (x), x ∈ (e
r, er+k), is induced on Oe. Thus ({Ωi} ,
{
α̂ij := ϕiϕ
−1
j
}
) is
a cocycle for Oe and for s ∈ (ρ
r, ρr+k) we have
α̂ij(ω)s = ϕ
r,k
vi(ω)
ϕr,k
v∗
i
(ω)(s)
= vr+ki (ω)v
∗ r+k
j (ω)sv
r
j (ω)v
∗ r
i (ω)
= (viv
∗
j (ω))
r+ks(viv
∗
j (ω))
∗ r
= ϕ(αij(ω))s.
This completes the proof of the first statement. The second follows by
Theorem 2.2.
The basic example to illustrate the previous results is given by the
category of Hermitian vector bundles over a compact Haussdorff space
Ω. In this case Thm.4.6 implies that the DR-algebra OE of a Hermitian
vector bundle E is the C*-algebra of a continuous field of Cuntz algebras
over Ω. We give here a brief description of such algebras, postponing a
detailed study to a successive work.
We start by considering the spaces of arrows (Er, Er+k) between tensor
powers of E ; recall that by general facts [14] 4.3, [23] there is a natural
identification
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(Er, Er+k) ≃ (σrE , σ
r+k
E ) :=
{
x ∈ OE : xσ
r
E(y) = σ
r+k
E (y)x, y ∈ OE
}
(4.1)
where σE is the canonical endomorphism on OE . In the case r = 0 we
have the trivial bundle ι := Ω × C, so that (ι, E) can be regarded as
the module of continuous sections of E and is generated by a finite set
{ψl ∈ (ι, E), l = 1, ..., N}. Now, each element of a fiber of E being the
evaluation of a section at a point ω, we have
ξω =
∑
l
ψl(ω) 〈ψl(ω), ξω〉
where ξω ∈ Eω. This fact is translated in the following relation on the ψl’s
as elements of OE
∑
l
ψlψ
∗
l = 1. (4.2)
Note that every (Er, Es) has a natural structure of a C(Ω)-C(Ω)-bimodule
by considering the coinciding left and right actions given by multiplication
with continuous functions over Ω. In particular (ι, E) is a Hilbert C(Ω)-
C(Ω)-bimodule. We have the following
Proposition 4.8. Let E be a Hermitian vector bundle over a compact
space Ω, {ψl}
N
l=1 a finite set of generators for (ι, E). Then:
(1) Each (Er, Er+k) is generated as a right C(Ω)-module by the sets{
ψJψ
∗
I , ψI ∈ (ι, E
r), ψJ ∈ (ι, E
r+k)
}
;
(2) OE is the Pimsner C*-algebra generated by (ι, E) and C(Ω);
(3) OE is nuclear;
(4) The canonical endomorphism is inner, i.e. for each x ∈ OE
σE(x) =
∑
l
ψlxψ
∗
l .
Proof. (1) The identity (4.2) implies that
∑
I ψIψ
∗
I = 1 where ψI :=
ψi1 ...ψir ∈ (ι, E
r). Hence for t ∈ (Er, Er+k) we get t =
∑
I,J ψIψ
∗
ITIJ ,
where TIJ := ψ
∗
JtψI ∈ (ι, ι) ≃ C(Ω).
(2) By (1) it follows that OE is generated as a C*-algebra by (ι, E).
(3) By [8] OE is exact, so that (see [20]) for every C*-algebra A
the maximal and spatial tensor products OE ⊗max A, OE ⊗A each have a
natural structure of a continuous field with fiber respectively On(ω)⊗max
A, On(ω)⊗A, where n(ω) is the rank of E in ω. Since On(ω) is nuclear the
maximal and spatial norms coincide over the algebraic tensor product of
OE by A.
(4) As (ι, E) = (ι, σE) we find that σE(t)ψl = ψlt for each t ∈ OE .
Then we apply (4.2).
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We recall that if A ⊂ B is an inclusion of C*-algebras a Hilbert A-
module in B [11] is given by a subspace X of B closed under right multi-
plication by elements of A and such that x∗y ∈ A, x, y ∈ X . If there is
a finite set {xl} ⊂ X such that, with p =
∑
l xlx
∗
l , x = px for each x ∈
X then p is a projection, called the support of X , and we say that {xl}
generates X as a Hilbert A-module. By this definition it follows that (ι, E)
is a finitely generated C(Ω)-module in OE with support the identity. The
previous proposition implies
Corollary 4.9. Let E ,F be Hermitian vector bundles over Ω.
(1) If OE is isomorphic to OF then (ι,F) appears embedded in OE as a
C(Ω)-module with support the identity.
(2) If (ι,F) is a Hilbert C(Ω)-module in OE with support the identity
then there is an isometric embedding OF →֒ OE .
The description of OE as the C*-algebra generated by the module of
continuous sections of E supplies a picture in terms of generators and
relations. Each set of generators {ψl} of (ι, E), regarded in OE , satisfies
the relations
{ ∑
l
ψlψ
∗
l = 1
ψ∗l ψm = elm1
(4.3)
where elm ∈ C(Ω). Note that (4.3) implies that (elm) ∈ MN ⊗ C(Ω)
is a projection, in fact the projection associated to E as a subbundle of
Ω × CN . We can use (4.3) as starting point to give an alternative proof
of the fact that each projection e ∈ MN ⊗ C(Ω) defines a continuous
field of Cuntz algebras. We proceed on the line of [22] and generalize
in the following way: let Ω be a compact Haussdorff space, Wn the free
*-algebra with identity 1 generated by n symbols w1, ..., wn. Then we
can consider the *-algebra C(Ω)⊗Wn with certain relations r1, ..., rk over
1C(Ω) ⊗ w1, ..., 1C(Ω) ⊗ wn. Since r1, ..., rk are relations in C(Ω) ⊗ Wn,
they define, for each ω ∈ Ω, a set of relations r1(ω), ..., rk(ω) on Wn,
hence a C*-algebra Aωobtained by closing Wn /{ri(ω)} with respect a
suitable C*-norm ‖‖ω (see [22] for details). Now, by evaluating continuous
functions on ω, each element x of the *-algebra (C(Ω)⊗Wn) /{ri} defines
a vector field {xω ∈ Wn /{ri(ω)}}. If one shows that the norm function
ω 7→ ‖xω‖ω is continuous, the C*-norm ‖x‖ := supω ‖xω‖ω on (C(Ω) ⊗
Wn) /{ri} can be defined, obtaining a C*-algebra A endowed with natural
morphisms πω : A→ Aω. Hence (A, πω : A→ Aω) is a continuous field
of C*-algebras over Ω. We now regard at (4.3) as a set of relations on
C(Ω)⊗WN : then it is easily verified that the relations (4.3) evaluated in
ω are equivalent to the relations defining the Cuntz algebra implemented
by nω := rank(e(ω)) isometries {sk(ω)}
nω
k=1 obtained as an orthonormal
base of the vector space spanned by the symbols at the point ω. Thus
the C*-algebra obtained at ω is the Cuntz algebra Onω . The last thing
we have to verify to get a continuous field is the continuity of the norm
function. Expressing each generator (ψl)ω in terms of the sk(ω)’s we get,
using standard calculations, ‖(ψl)ω‖
2
ω = ell(ω), so that the norm function
is continuous.
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We now give the expression for the cocycle associated to the C*-algebra
of a vector bundle OE . As we showed in a more general setting in Prop.
3.11, it is well known (cf. for example [17]) that the cohomology set
H1(Ω,Un) classifies the Hermitian vector bundles with rank n over Ω;
now if E is identified by the Un-cocycle ({Ωi} , {αij}) then the autOn-
cocycle describing OE is given by
(ϕ∗αij)(ω)t := αij(ω)
⊗r+ktαij(ω)
⊗r ∗, (4.4)
where t ∈ (nr, nr+k) ⊂ On.
Let us give an explicit example. Recall by Cor. 2.4 that every z ∈
H1(Ω,T) defines, for each n ∈ N, a locally trivial continuous field Fz,n
having as fiber the Cuntz algebra On. Furthermore it is well known that
z can be viewed, up to cocycle equivalence, as a set of transition functions
zij : Ωij → T for a line bundle L over Ω. Now, applying (4.4) we obtain
that Fz,n is the continuous field associated to θn ⊗ L, where θn is the
trivial rank n vector bundle over Ω.
We now prove the existence of non isomorphic vector bundles having
isomorphic DR-algebras. By Th. 4.6 the C*-algebra OL associated to
a line bundle L is a continuous field having as fiber the algebra C(T) of
continuous functions over the circle, so that is itself commutative. We
introduce for r < 0 the notation Lr := (L∗)−r. Note that (L,L) = C(T),
so that (Lr,Ls) = (ι,Lr−s) and
0OL =
⊕
k∈Z
(ι,Lk). (4.5)
Proposition 4.10. Let L be a line bundle over a compact Haussdorff
space Ω.
(1) The spectrum of OL is the sphere bundle L1 ;
(2) OL ≃ OL∗
Proof. (1) Let (Ωi, λij) ∈ Z
1(Ω,T) be a family of transition functions
for L. Then the sphere bundle L1 can be conveniently described by the
transition functions s(λij)(ω, z) := (ω, λij(ω)z), with (ω, z) ∈ Ωij × T.
Now, note that if ψ ∈ (ι,Lk) then we have a local description of ψ in
terms of continuous functions ψi : Ωi → C satisfying the relation
ψi(ω) = λ
k
ij(ω)ψj(ω). (4.6)
Let now πi : L|Ωi → Ωi×C be a set of local charts defining the transition
functions (Ωi, λij). We define continuous functions ψ̂i : Ωi × T → C by
setting ψ̂i(ω, z) := ψi(ω)z
−k. Now, as by (4.6) the identity ψ̂i◦s(λij) = ψ̂j
holds, we find ψ̂i ·πi = ψ̂j ·πj . We denote by ψ̂ the continuous function on
L1 obtained by clutching the maps
{
ψ̂i · πi
}
. By extending the map ψ 7→
ψ̂ in the obvious way we obtain an isometric ∗-algebra monomorphism
0OL →֒ C(L1). By applying for every local chart the Stone-Weierstrass
theorem on the factor C(T) in C(Ωi × T) we find that the extended map̂: OL → C(L1) is also surjective.
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(2) By (4.5) it follows that 0OL =
0OL∗ . An alternative way
to verify the isomorphism is to observe that complex conjugation on the
fibers induces a homeomorphism L1 ≃ L
∗
1: on each local chart we define
αi(ω, z) := (ω, z) and the identity
s(λ∗ij) = αis(λij)α
−1
j
holds, so that a global homeomorphism is defined by clutching the maps
αi.
Of course the previous example is very peculiar, our C*-algebra OL
being abelian. Further examples relative to vector bundles with rank > 1,
relating isomorphism classes of DR-algebras with topological K-theory,
can be given over the n-spheres. We refer the reader to a work in progress
of S. Doplicher, P. Goldstein and the author.
Keeping in mind the basic example of the C*-algebra of a vector bundle
it is easy to obtain a similar description for the cases introduced in Sec.
3. If u : G → Un is a unitary representation of a compact group G and
E is the vector bundle defined by e ∈ (u, u)Ω then we obtain an action of
G into the unitary arrows in (e, e), so that on each space of intertwiners
we have ϕr,kg (t) := g
⊗
r+k
tg∗⊗
r
, t ∈ (er, er+k) (here we write g for u(g)).
Note that the G-action commutes with the canonical endomorphism (see
Sec. 2), and we have a grading preserving action by automorphisms of
G on OE . The fixed point algebra OE,u is generated by the intertwiners
(er, er+k)G :=
{
t ∈ (er, er+k) : ϕr,kg (t) = t
}
and has the structure of a
continuous field of C*-algebras with fiber C*-algebras of the type OG
defined in [12].
Similarly in the case of a representation (n, u) of a unital Hopf C*-
algebra (A,∆), by extending to OE the map (3.6) we obtain the following
coaction (see [37] for a detailed study of similar coactions on Cuntz alge-
bras)
Φu : OE → OE ⊗ A.
As OE is exact the map above is a morphism of continuous fields of C*-
algebras (see [20]). We have the fixed point continuous field
OE,u := {t ∈ OE : Φu(t) = t⊗ 1} .
5 Non Commutative Extensions.
In this section we discuss the existence of tensor structures on the exten-
sion of a given strict tensor C*-category by a non commutative C*-algebra.
In Sec. 3 we showed that in general these structures fail to exist; thus we
have to modify our definition for CA, adopting a procedure that is just the
abstract version of the left action on a Hilbert C*-bimodule. Construc-
tions of the type we are going to expose have been considered for the case
C = Hilb in [14], §1.7 and [31, 35], the second ones in the framework of
the algebraic quantum field theory.
We now start our general construction. Let C be a C*-category, A a
unital C*-algebra with center Z. We consider endomorphisms
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φ : A→ (ρ, ρ)A, (5.1)
where ρ is an object in C, and call them amplimorphisms. Applying the
methods of Sec. 3 we obtain a full subcategory Mod(C, A) of CA, with
objects the amplimorphisms φ and arrows
(φ, ψ)M := (φ(1), ψ(1)).
We also define the not full subcategory Bimod(C, A) having the same
objects of Mod(C, A) and arrows
(φ, ψ) := {x ∈ (φ, ψ)M : ψ(a)x = xφ(a), a ∈ A} .
Note that each object e ∈ (ρ, ρ)Z of CZ defines an amplimorphism φe(a) :=
e · a⊗ 1ρ = a⊗ 1ρ · e. Thus there is the following sequence of immersions
of C*-categories:
CZ
φ·
→֒ Bimod(C,A)
i
→֒ Mod(C, A) →֒ CA, (5.2)
where the third is a full immersion. Each (φ, ψ) has the structure of
a Banach Z-bimodule, with coinciding left and right actions ψ(a)t =
tφ(a), t ∈ (φ,ψ), a ∈ Z. The same definition for a ∈ A provides a structure
of Banach A-A-bimodule for (φ, ψ)M.
Remark 5.1. Note that we could consider as well endomorphisms of the
type ϕ : A→ (ρ, ρ)B, obtaining the corresponding structures of Banach A-
B-bimodules. We denote the corresponding C*-category by Bimod(A,B; C).
In particular the categorical analogue of a Kasparov module can be de-
fined as a couple (ϕ,F ), where ϕ is an object in Bimod(A,B; C), F belongs
to the ideal of ”compact operators” Kϕ := (ι, ϕ)M(ϕ, ι)M ⊂ (ϕ,ϕ)M and
satisfies the usual properties [F, ϕ(a)], (F 2 − 1)ϕ(a), (F − F ∗)ϕ(a) ∈ Kϕ
for every a ∈ A.
As to be expected, an analogue of Prop. 3.2 holds:
Proposition 5.1. Let C be a C*-category, A a unital C*-algebra. Then
(1) Bimod(A, C) has subobjects;
(2) If C have direct sums, so do Mod(A, C), Bimod(A, C).
Proof. (1) Let e ∈ (φ, φ) be a projection. As e is in the commutant
of φ(A) the amplimorphism a 7→ φ(a) · e is defined, so that Bimod(A,C)
has subobjects.
(2) As Bimod(A, C) is a subcategory of Mod(A, C) it suffices to
prove the statement only in this first case. Let now φ : A → (ρ, ρ)A,
ψ : A → (σ, σ)A be amplimorphism. With the same notations used in
the proof of Prop. 3.2 we consider a direct sum τ of ρ, σ in C. Then
we define vφ := φ(1) · 1 ⊗ v, wψ := ψ(1) · 1 ⊗ w and the map δ(a) :=
v∗φφ(a)vφ + w
∗
ψψ(a)wψ from A into (τ, τ )
A. We leave to the reader the
verification that δ is an amplimorphism and a direct sum for φ,ψ.
5 NON COMMUTATIVE EXTENSIONS. 21
Let now C be a strict tensor C*-category with identity object ι. Our
aim is to prove that Mod(C,A) can be endowed with a natural strict
semitensor structure, while Bimod(C, A) becomes a strict tensor C*-category.
In order to better illustrate our construction let us give an example: we
consider the category endA having the same objects and arrows as endA
as introduced at the end of Sec. 3, but flipped tensor product ρσ := σ ◦ρ,
r × s := σ′(r)s = sσ(r), r ∈ (ρ, ρ′), s ∈ (σ, σ′). We embed endA (not
fully) in the categoryM(A) having the same objects of endA and arrows
(ρ, σ)M := {x ∈ A : x = σ(1)x = xρ(1)}. Each (ρ, σ)M is a A-A-Hilbert
C*-bimodule with (not commuting) left and right actions given by ρ and
σ. We have also the following semitensor structure:{
ρσ := σ ◦ ρ
Φτ (t) := τ (t) ∈ (ρτ, στ )M, t ∈ (ρ, σ)M
By this definition the reason we choose endA instead of endA is evident.
In endA the map Φτ would play the role of a left tensoring with an identity
arrow, while we need a right tensoring to get a semitensor structure. The
objects in M(A) define naturally Hilbert A-A-bimodules Xρ := (ι, ρ)M
embedded in A, on which we can define the tensor product
Xρ ⊗ Yσ := {σ(x)y : x ∈ Xρ, y ∈ Yσ} ⊂ (ι, ρσ)M
with A-valued scalar product 〈x⊗ y, x′ ⊗ y′〉 := y∗σ(x∗x′)y′. As ex-
pected, we have an embedding of (ρ, ρ)M into the C*-algebra of right
A-module maps on Xρ ⊗ Yσ defined by t 7→ σ(t).
We now start the construction of our tensor structures. We have to
define a composition law for amplimorphisms; for this purpose we need
the universal properties of both the spatial and maximal tensor product,
as stated by the following
Lemma 5.2. Let ρ be an object of C such that the maximal and spatial
C*-norms coincide on (ρ, ρ)Aa . Then for each amplimorphism ψ : A →
(σ, σ)A a morphism ψρ,ρ : (ρ, ρ)
A → (σρ, σρ)A is defined, given by the
expression
ψρ,ρ(a⊗ s) := ψ(a)1 ⊗ ψ(a)2 × s. (5.3)
Proof. By property of the spatial tensor product we obtain, tensoring the
identity on A with the right tensor product with 1σ, a morphism
iρ : (σ, σ)
A → (σρ, σρ)A
defined by iρ(a⊗s) := a⊗s×1ρ. By composing with ψ we get a morphism
iρ ◦ ψ : A→ (σρ, σρ)
A
the image of which commutes with that of
jσ,ρ : (ρ, ρ)→ (σρ, σρ)
A
defined by jσ,ρ(t) := 1⊗ 1ρ × t. Thus, by using the universal property of
the maximal tensor product, we define ψρ,ρ := (iρ ◦ ψ)⊗ jσ,ρ.
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The hypothesis of the previous lemma is satisfied if, for example, C
has conjugates (see [23], Lemma 3.2), or A is nuclear. In such a case we
introduce on the objects of Bimod(C,A) the product
φψ := ψρ,ρ ◦ φ (5.4)
with identity the amplimorphism ιA : A → (ι, ι)
A defined by ιA(a) :=
a ⊗ 1ι. We now state some relations in order to define a tensor product
on the arrows of Bimod(C,A). First of all note that the previous lemma
implies that the linear map
ψρ,ρ′(x) := ψ(x1)1 ⊗ ψ(x1)2 × x2 ∈ (σρ, σρ
′)A
is well defined as a Banach space map for x ∈ (ρ, ρ′)A (note that the
notation is consistent with (5.3)). By verifying on the algebraic tensor
products and as ψρ,ρ′ is bounded we obtain, for x
′ ∈ (ρ′, ρ′′)A
ψρ,ρ′′(x
′x) = ψρ′,ρ′′(x
′) · ψρ,ρ′(x). (5.5)
We also consider for each ρ the Banach space map
iρ(y) := y1 ⊗ y2 × 1ρ ∈ (σρ, σ
′ρ)A
with y ∈ (σ, σ′)A. Let now φ, φ′, ψ, ψ′ be amplimorphisms with x ∈
(ρ, ρ′)A ⊂ (φ, φ′), y ∈ (σ, σ′)A ⊂ (ψ,ψ′). Then for t ∈ (ρ, ρ′)A we find,
with the same argument of (5.5),
iρ′(y) · ψρ,ρ′(t) = ψ
′
ρ,ρ′(t) · iρ(y). (5.6)
So we define
x× y := ψ′ρ,ρ′(x) · iρ(y) = iρ′(y) · ψρ,ρ′(x). (5.7)
Proposition 5.3. Let A be a unital C*-algebra and C a strict tensor C*-
category such that for each object ρ of C the maximal norm on (ρ, ρ)Aa
coincides with the spatial norm. Then, endowed with the tensor product
defined in (5.4) and (5.7), Mod(C,A) is a strict semitensor C*-category
and Bimod(C, A) is a strict tensor C*-category.
Proof. We verify that x × y ∈ (φψ, φ′ψ′); by (5.5),(5.6) we obtain, with
a ∈ A,
x× y · φψ(a) = ψ′ρ,ρ′(x) · iρ(y) · ψρ,ρ(φ(a))
= ψ′ρ,ρ′(x) · ψ
′
ρ,ρ(φ(a)) · iρ(y)
= ψ′ρ,ρ′(xφ(a)) · iρ(y)
= ψ′ρ,ρ′(φ
′(a)x) · iρ(y)
= ψ′ρ′,ρ′(φ
′(a)) · ψ′ρ,ρ′(x) · iρ(y)
= ψ′φ′(a) · x× y .
The same computation for a = 1 shows that x × y ∈ (φψ, φ′ψ′)M if
x ∈ (φ, φ′)M, y ∈ (ψ,ψ
′)M. The other properties of tensor product can
be verified by routine computations.
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Note that the space of intertwiners of the identity object ιA is isomor-
phic to (ι, ι)A in the category Mod(C, A) and to (ι, ι)Z in the category
Bimod(C, A).
Example 5.1. The motivating examples come from the case C = Hilb.
Then CZ , Bimod(C, A),Mod(C,A), CA correspond respectively to the cat-
egories of vector bundles over the spectrum of Z, Hilbert A-A-bimodules
with arrows commuting with left and right action ([14] §1.7), Hilbert A-
A-bimodules, Hilbert A-modules. Consider in fact an homomorphism
φ : A → Mn ⊗ A. Then we get a projective Hilbert A-A-bimodule X :={
x ∈ A⊕
n
: φ(1)x = x
}
; A acts on X on the left by a, x 7→ φ(a)x and on
the right by x, a 7→ xa. The Hilbert Z-bimodule X φ := {x ∈ X : φ(a)x = xa, a ∈ A}
is also defined. As expected we have a tensor product in the categories
of vector bundles and Hilbert A-A-bimodules (choosing the morphisms
commuting with the actions), while only a semitensor structure is allowed
on Hilbert A-A-bimodules, as well known.
Example 5.2. Let B be a unital C*-algebra with trivial center. The
objects of Bimod(endB,A) are given by endomorphisms
φ : A→ (ρ, ρ)A ⊂ A⊗B
where ρ is an endomorphism onB. The identity object in Bimod(endB,A)
is the natural immersion ι : A →֒ (ιB, ιB)
A ≃ A ⊗ 1B , where ιB is the
identity automorphism on B; this implies
(ι, ι)M = (ιB , ιB)
A ≃ A,
while
(ι, ι) ≃
{
x ∈ (ιB , ιB)
A : a⊗ 1B · x = a⊗ 1B · x, a ∈ A
}
≃ Z.
Now for each φ the following Banach space is naturally defined:
Xφ := (ι, φ)M :=
{
x ∈ (ιB , ρ)
A : φ(1)x = x
}
.
Xφ is a Hilbert A-module in A⊗B with the usual A-valued scalar product
and right multiplication. There is a left action of (φ,φ)M and this implies
that a left action a, x 7→ φ(a)x of A on Xφ is defined.
We now state some elementary properties of the DR-algebras associ-
ated to objects belonging to the categories appearing in (5.2). We denote
by the notation Oφ,M the DR-algebra associated to an amplimorphism
φ as an object of Mod(C,A). The following proposition is a categorical
version of [11] Prop. 3.4.
Proposition 5.4. The inclusion functor Bimod(C, A)
i
→֒ Mod(C,A) in-
duces a monomorphism i : Oφ →֒ Oφ,M such that i(Oφ) ⊆ A
′ ∩ Oφ,M.
If for some r ∈ N the space of arrows (ιA, φ
r) contains an isometry then
i(Oφ) = A
′ ∩ Oφ,M.
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Proof. The proof follows the same line as in [11]. For reader’s convenience
we expose some elementary facts about the first assertion. The embedding
of the C*-algebras follows by funtoriality. Now, A is embedded in Oφ,M
as the space of arrows of the identity object and if t ∈ (φr, φr+k) the
multiplication by a ∈ A is given by
at = a× φ(1)× ... × φ(1) · t
= a× φr+k(1) · t
= φr+k(a)t = tφr(a)
= t · a× φr(1) = ta
and this proves that arrows between tensor powers of φ commute with
elements of A.
The following results characterize DR-algebras inMod(C, A), Bimod(C, A)
coming from ’commutative objects’ belonging to CZ .
Lemma 5.5. Let A be a unital C*-algebra, C a strict tensor C*-category
with identity object ι such that (ι, ι) = C, e ∈ (ρ, ρ)Z an object of CZ such
that (ι, e) is finitely generated as a right Hilbert Z-module. If φe is the
amplimorphism defined by e, then for r + k ≥ 0:
(1) (er, er+k) = (φre, φ
r+k
e );
(2) (φre, φ
r+k
e )M and (e
r, er+k) ⊗Z A are isomorphics as Banach A-A-
bimodules.
Proof. Let t ∈ (er, er+k). By definition of φe it follows that t (we write t
for i(t)) belongs to (φre, φ
r+k
e ) if and only if commutes with a ∈ A; but
at = a× er+k · t
= a(er+k)1t1 ⊗ (e
r+k)2t2
= at1 ⊗ t2 = t1a⊗ t2
= ta.
Let now t ∈ (φre, φ
r+k
e ); as (ι, e) is finitely generated there exists a finite
set {ψi} ⊂ (ι, e) such that e =
∑
i ψiψ
∗
i and this implies that each (ι, e
r)
is finitely generated by elements of the type ψI := ψi1 ...ψir . Now we
have seen that (ι, er) ⊂ (ι, φre) so that tIJ := ψ
∗
I tψJ ∈ (ι, ι) ≃ Z and t =
er+kt = ter =
∑
IJ tIJψIψ
∗
J belongs to (e
r, er+k). For the second point,
we define the map from (er, er+k) ⊗Z A into (φ
r
e, φ
r+k
e )M by t⊗ a := at.
As (at)∗a′t′ = (a∗a′)(t∗t′) the map is injective, and by the argument of (1)
if x ∈ (φre, φ
r+k
e )M we get a decomposition x =
∑
IJ xIJψIψ
∗
J , xIJ ∈ A,
so we have the surjectivity.
Corollary 5.6. With the hypothesis of the previous lemma, there is an
isomorphism of C*-dynamical systems (Oe, σe) ≃ (Oφe , σφe).
We apply the previous results to Hilbert C*-bimodules. Let X be the
Hilbert C*-bimodule defined by the amplimorphism φ : A → A ⊗Mn as
in Example 5.1. By using the notations of [11] and referring to example
5.1, we get an isomorphism Oφ,M ≃ OXA , where OXA is the Pimsner C*-
algebra associated to X , while Oφ ≃ OAXA , where OAXA is the subalgebra
of OXA generated by the arrows for which left and right actions of A
coincide. We denote by (X r,X r+k) the spaces of right A-module maps
from X r into X r+k, that are the arrows generating OXA . As we stated in
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the general case, there is an embedding O
AXA →֒ OXA such that OAXA ⊆
A′∩OXA . We say that A is normal in OXA if A = (A
′∩OXA )
′∩OXA . Let
now σX be the canonical endomorphism defined on OAXA . We say that
σX is inner if X
φ := X ∩O
AXA is finitely generated as Hilbert Z-module
and with support 1 in OXA .
Proposition 5.7. Let X be a Hilbert A-A-bimodule defined by an am-
plimorphism φ : A→ Mn ⊗A, A normal in OXA . Then the following are
equivalent:
(1) There exists a vector bundle E over the spectrum of Z with module
of section isomorphic to X φ and X ≃ X φ ⊗Z A;
(2) σX is inner;
(3) (OE , σE) ≃ (OAXA , σX ) and OXA ≃ OE ⊗Z A
Proof. As X φ is finitely generated it is isomorphic to a projective Hilbert
Z-module, hence isomorphic to the module of sections of a vector bundle
E . Now σX is inner if and only if the injective A-module map ψ⊗a := ψa
from X φ ⊗Z A to X is surjective, so that the definition of the left ac-
tion φ is forced by φ(a′)(ψa) := ψa′a. The equivalence with the third
statement is consequence of Lemma 5.5 and Corollary 5.6 applied to the
projection e ∈ Mn ⊗ Z defined by X
φ: we obtain in this way the iso-
morphism (OE , σE) ≃ (OAXA , σX ), and a family of compatible Banach
A-A-bimodule isomorphisms (X r,X r+k) ≃ (Er, Er+k) ⊗Z A. This im-
plies the isomorphism between the algebraic tensor product 0OE ⊗Z A
and 0OXA . Now observe that by nuclearity of OE there is a unique C*-
norm defining the tensor product OE ⊗Z A (in the sense of [19], see also
[4]), that coincides with the norm on OXA for which the circle action is
isometric.
Let E be a vector bundle over a compact Haussdorff space Ω. We
endow O1E with a structure of a Hilbert O
0
E -O
0
E-bimodule by defining the
right action ψ · x := ψx and left action x · ψ := σE(x)ψ, where x ∈ O
0
E ,
ψ ∈ O1E and σE is the canonical endomorphism on OE . Note that O
1
E is
generated by (ι, E), on which left and right actions coincide. The previous
proposition then implies (see [29] for an anologue result):
Corollary 5.8. Let E be a vector bundle over a compact Haussdorff space
Ω. Then
(1) O1E ≃ (ι, E)⊗C(Ω) O
0
E
(2) OO1
E
≃ OE ⊗C(Ω) O
0
E .
6 Final Remarks.
This paper does not claim to be exhaustive. There are several interest-
ing open questions that are the subject of the previously quoted work
in progress between S. Doplicher, P. Goldstein and the author, first of
all the geometrical characterization of the class of vector bundles hav-
ing isomorphic DR-algebras. Another open question is the computation
of the K-theory of such C*-algebras; note that for DR-algebras [16, 1]
a Pimsner-Voiculescu exact sequence holds, so the first step should be
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the computation of the K-theory of the zero grade algebra, that is an
inductive limit of continuous fields of matrix algebras.
The notion of extension can be used to introduce K-type functors.
Given in fact a C*-category C with direct sums and a C*-algebra A we
can consider the set of unitary equivalence classes of objects in CA; we
endowe it with the operation of direct sum (that is defined on CA by
Prop. 3.2) and introduce the associated Grothendieck group KC(A), that
coincides with the usual K-theory of A in the case C = Hilb. Properties
as funtoriality, homotopic invariance and additivity can be easily verified.
We defer to a future work the analysis of the other homology properties
(continuity, half exactness), as well as the study of interesting cases (as
the closure for direct sums of C = endB in Example 3.4) .
A further interesting point is the extension of Doplicher-Roberts dual-
ity for compact groups to categories with not trivial space of intertwiners
of the identity object. An important step in the theory is the crossed
product of a C*-algebra by an endomorphism satisfying certain properties
(namely permutation simmetry and special conjugate property, see [15]);
in that case the C*-algebra has trivial center and the endomorphism is
implemented by a Hilbert space in the cross product, while in the cases
discussed here (for example the C*-algebra of a vector bundle) the canon-
ical endomorphism is implemented by a finitely generated module over
the center. The construction of such a generalized crossed product of a
C*-algebra with not trivial center by an endomorphism should give the
first step towards an extension of Doplicher-Roberts duality in the sense
stated above. Some work in this direction has been done in [3], in the
setting of Hilbert C*-systems. In this context free right modules over the
center of the given C*-algebra appear, but the example of the C*-algebra
of a vector bundle shows that more general objects can be considered, as
the (not free) modules of sections of vector bundles.
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